In this paper, we report a common phenomenon observed in chaotic systems linked by time delay. Recently, the Lorenz chaotic system has been extended to the family of Lorenz systems which includes the Chen and Lü systems. These three chaotic systems, corresponding to different sets of system parameter values, are topologically different. With the aid of numerical simulations, we have surprisingly found that a simple time delay, directly applied to one or more state variables, transforms the Lorenz system to the generalized Chen system or the generalized Lü system without any parameter changes. The existence of this phenomenon has also been found in other known chaotic systems: the Rössler system, the Chua's circuit and the 4-Liu system. This finding has shown a common characteristic of chaotic systems: a new chaotic "branch" can be created from a chaotic attractor by simply adding a time delay.
Introduction
The discovery of the first chaotic attractor by Lorenz [1963] has created a new era of the nonlinear dynamical systems. Since then many researchers from different disciplines have been attracted to study various chaotic systems. Among them, the Lorenz system, the Chen system, the Lü system, the Rössler system, the Chua's circuit and the 4-Liu system, etc. are most thoroughly and intensively investigated. Besides the theoretical studies, practical applications using chaos have also achieved certain success (e.g. see [Chen & Lü, 2003; Pecora & Carroll, 1991] ). Recently, it has been reported that time delay plays an important role in the study of chaotic systems. For example, double Hopf bifurcation and chaos in an oscillator with time delayed feedback control were studied in detail by Yu et al. [2002] . Delay-induced bifurcations in a nonautonomous system with delayed velocity feedbacks were discussed by Xu and Yu [2004] . Farmer [1982] reported the finding of chaos in a timedelayed nonlinear system, and Tian and Gao [1988] showed that a simple first-order differential delayed equation might be chaotic. Pyragas [1992] , on the other hand, proposed a method of using delayed feedback control to generate chaos. Later, the Chen chaotic system was found and since then a number of methods were developed to study chaos control and anti-control (chaotification) (e.g. see [Chen & Lü, 2003 ] and references therein).
Recently, the Lorenz system has been extended to the family of Lorenz systems, which includes the Chen and Lü systems. It is believed that these three different chaotic attractors are topologically different [Chen & Lü, 2003] . These systems can be obtained by appropriately varying the system parameter values. In this paper, we shall investigate the effect of time delay in generating chaotic attractors, and report a common phenomenon observed from the above mentioned chaotic systems.
To be specific, suppose a chaotic system is given in the following general form:
where the dot denotes differentiation with respect to time t. We assume that some or all of the state variables are delayed in the form of x i (t − τ i ), i = 1, 2, . . . , n, in which τ i ≥ 0 is a constant time delay in the ith component of x. Then, the time-delayed system is described bẏ
In this paper, with the aid of numerical simulations, we will first consider the Lorenz system given in form of (1), which exhibits the Lorenz attractor for certain parameter values. Then we apply time delay to this system such that the new system in the form of (2) can exhibit not only the Lorenz attractor, but also the Chen attractor and the Lü attractor without changing the values of the system's parameters. With different time delays, the so-called generalized Lorenz system, the generalized Chen system and the generalized Lü system are obtained. It should be noted here that the time delays in Eq. (2) are not applied through a control in the form oḟ
but directly applied to the system's state variables. In other words, unlike a feedback control which changes the structure of the system, our approach presented in this paper keeps the structure of the original system unchanged, but merely delay some or all of the state variables, and achieve some surprising results. It is shown that a new chaotic "branch" can be created from a chaotic attractor by simply adding a time delay. The existence of this phenomenon has also been found in other known chaotic systems: the Rössler system, the Chua's circuits and the 4-Liu system.
The rest of the paper is organized as follows. The family of Lorenz systems is studied in the next section. Section 3 is devoted to discuss the Rössler system. Two Chua's circuits with nonsmooth and smooth functions are considered in Sec. 4. The results for the 4-Liu system are presented in Sec. 5, and finally, conclusions are given in Sec. 6.
The Family of Lorenz Systems
First we consider the family of Lorenz systems, which are described by the following uniform differential equations:
where α ∈ [0, 1] is a parameter. When α = 0, it is reduced to the classical Lorenz system; while when α = 1, it becomes the Chen system, and when α = 0.8, it is the Lü system [Chen & Lü, 2003 ]. Further, when 0 < α < 0.8, system (3) is classified as generalized Lorenz system, and when 0.8 < α < 1, it is called generalized Chen system. When α = 0.8, it is called generalized Lü system. Numerical simulation results for the three typical cases: α = 0, 1 and 0.8, corresponding to the Lorenz, Chen and Lü systems, are shown in Figs. 1(a), 1(b) and 1(c), respectively. A comparison of the three chaotic attractors clearly shows a significant difference between the Chen, Lü and Lorenz systems. It can be seen that the Chen and Lü systems have one more chaotic branch (vibration "mode") emerging from the "base" chaotic attractor, implying that they are more complex than the Lorenz system. Non-equivalence of these three systems is discussed in [Chen & Lü, 2003] .
Imposing time delays to the Lorenz system, obtained by setting α = 0 in Eq. (3), yields the following time-delayed Lorenz system:
where τ x , τ y , τ z ≥ 0 are time delays for the x, y and z variables, respectively. When τ x = τ y = τ z = 0, i.e. if no time delay is applied, then the system is the classical Lorenz system which exhibits the well-known butterfly attractor, as shown in Fig. 1 
(a).
In numerically simulating the time-delayed system (4), we apply single time delays (i.e. one time delay is added to one coordinate only), as shown in Fig. 2 , and multiple time delays (i.e. time delays are added to two or three coordinates simultaneously), as depicted in Fig. 3 . It is seen from these two figures that as long as a time delay is applied, the system shows one more vibration "mode" and its dynamical behavior becomes more complex. The most interesting thing observed from these two figures is that for certain time delays, the system's phase portrait becomes almost the same as those observed in the Chen and Lü systems. For example, when τ y = τ z = 0.02, the delayed Lorenz system exhibits a chaotic attractor, as shown in Fig. 3(c) , is quite similar to the Chen attractor (see Fig. 2(b) ) and the Lü attractor (see Fig. 2(c) ). This shows an alternative approach to efficiently generate the Chen and Lü systems directly from the classical Lorenz system by introducing time delays without changing the parameter values of the Lorenz system.
The Rössler System
Now we turn to another well-known chaotic system -the Rössler system which actually, like the family of Lorenz systems, has also a family, consisting of six types of Rössler systems [Liao & Yu, 2006] . Here, we choose the typical one, that is most referred in the literature, described by the following differential equations [Rössler, 1976] : where a, b and c are real parameters, which are usually chosen positive. Note that the system is even simpler than the Lorenz system since it has only one quadratic term while the Lorenz system has two quadratic terms. The values for c can be taken from the interval 2 ≤ c ≤ 11. A typical chaotic Rössler attractor is obtained when a = 0.4, b = 2, c = 4, as shown in Fig. 4(a) . Similar to the family of Lorenz systems, when we change the parameter c from c = 4 to c = 8, we observe a same phenomenon discovered in the family of Lorenz systems. That is, the attractor, depicted in Fig. 4(b) with one more chaotic branch, is topologically different from the typical Rössler attractor (see Fig. 4(a) ), and is more complex than the typical Rössler attractor.
When time delays are added to the Rössler system (5) we havė
where τ x , τ y , τ z ≥ 0. Similarly, the delays can be added to any one or two coordinates, or all three coordinates. Now we fix the parameter values as the same as that used for Fig. 4(a) , and apply a single time delay τ y to the y variable. The simulated phase portrait is shown in Fig. 4(c) , which is very similar to that given in Fig. 4(b) which are obtained without time delay. The results presented in this section show that we can apply time delay to the Rössler system without changing the parameter values to obtain a chaotic attractor which is topologically different from the typical Rössler attractor. This indicates that the phenomenon, observed in the family of Lorenz systems, also appears in the Rössler system.
Chua's Circuits
In this section, we study the Chua's circuit [Chua et al., 1986] , which is the first chaotic system physically realized in real circuit system. Unlike the Lorenz and Rössler systems which use smooth functions in describing their vector fields, the function used in this Chua's circuit is a piecewise linear function, which can be easily realized in analog electrical circuits. However, it was surprisingly found that the simple discontinuity in the derivative of the function at two points could produce complex dynamical behavior such as chaos. Later, Tsuneda [2005] used a smooth function to develop a smooth Chua's system, which can also exhibit very rich chaotic dynamics. We first consider the nonsmooth Chua's system and then the smooth Chua's system.
The nonsmooth Chua's system
The Chua's circuit with nonsmooth function is described by the following differential equations [Chua et al., 1986 ]:
where f (x) is a piecewise linear function, defined as
Here, the parameters p, q, m 1 and m 2 take the following values:
The simulated phase portrait for the above parameter values is shown in Fig. 5(a) , which is the typical double-scroll Chua's attractor. Similarly, adding time delays to system (7), we obtain the following delayed Chua's system:
where τ x , τ y , τ z ≥ 0 are time delays.
We have attempted to vary the parameter values to find a similar phenomenon observed in the Lorenz and Rössler systems, but failed. For example, when q = 18.87, the attractor, as shown in Fig. 5(b) , is similar to that given in Fig. 5(a) . They are not topologically different. However, besides choosing q = 18.87, if, in addition, we apply a combination of time delays: τ x = 0.04, τ y = 0.02 and τ z = 0.03 to the x, y and z variables, respectively, we then again observe the interesting phenomenon, as displayed in Fig. 5(c) . It is seen from Fig. 5(c) that the attractor has one more "mode", though it is not so strong as those obtained in the Lorenz system (see Fig. 3(c) ) and the Rössler system (see Fig. 4(c) ).
The smooth Chua's system
Next, we consider the smooth Chua's system, given byẋ
where k i , i = 1, 2, . . . , 6 are parameter values. It is noted that the system has only one cubic term and the three equations are not nonlinearly but linearly coupled. Even when the nonlinear term is very weak, namely, |k 3 /k 1 | 1, |k 2 /k 1 | 1 [Tsuneda, 2005] , the system can still display very interesting and complicated dynamical behavior, as well as many chaotic attractors. The smooth Chua's system was extensively studied by Tsuneda [2005] using numerical simulations, and 23 parameter regions are investigated, most of them exhibit chaotic motions. Very recently, this smooth Chua's system was reinvestigated using the competitive mode method, and revealed even more parameter regions which can have chaotic motions [Yao et al., 2006] .
We have chosen the following parameter values used in [Yao et al., 2006] for computer simulation :
and obtained the phase portrait, as shown in Fig. 6(a) . Then we change parameter values to find an attractor which shows extra vibrating mode (see Fig. 6(b) ), though it is not so strong. The parameter values used here are the same as that used by Tsuneda [2005] , and Yao et al. [2006] in simulations, given by
The simulated phase portrait is shown in Fig. 6(b) , which is quite similar to that of the nonsmooth system (see Fig. 5(b) ). Note that the projected plane in Fig. 6(b) is the x-y-plane for a better view, different from Fig. 6 (a) which is in the x-z-plane. Then similarly, we apply time delays, τ x = 0.07, τ y = 0.007, τ z = 0.01 to the non-timedelayed system with the parameter values given in Eq. (11) to obtain the simulation result, depicted in Fig. 6(c) , which clearly indicates an extra chaotic branch. One can see that unlike the nonsmooth Chua's system which only shows a weak "mode", the smooth system shows a very strong "mode". However, this strong branch is typologically different from that of the nonsmooth Chua's system where the extra mode is between the two centers of the attractor, while the smooth mode has two extra modes, one for each of the centers of the attractor.
The results presented in this section show that the interesting phenomenon -time delay induces new chaotic attractor with different topological property -also occurs in both the nonsmooth and smooth Chua's systems. 
The 4-Liu System
Finally we consider the so-called Liu-Liu-Liu-Liu system, or simply 4-Liu system, described by the following equations [Liu et al., 2004] :
The parameter values used in [Liu et al., 2004] are a = 10, b = 40, k = 1, c = 2.5 and h = 4. This system has a similar butterfly-shaped attractor (see Fig. 7(a) ), similar to the Chen attractor. In this paper, we use slightly different parameter values, given by
to obtain the simulated phase portrait, as shown in Fig. 7(a) , which is quite similar to the Chen attractor. Next, we change the parameter values such that the extra mode disappears, as shown in Fig. 7(b) for which the following parameter values are chosen: a = 4.01, b = 58, k = 1.1, c = 2.51, h = 8.
Then, we apply a single time delay τ z = 0.019 to the system with the above parameter values and obtain the attractor, as shown in Fig. 7(c) , which is similar to that depicted in Fig. 7(a) . The above results again show that by a simple time delay applied to a chaotic system, one can obtain a topologically different attractor with extra chaotic modes.
Conclusions
In this paper, we have applied time delays to study four typical chaotic systems: the family of Lorenz systems, the Rössler system, the Chua's circuits and the 4-Liu system. Via numerical simulations, we have shown that appropriate time delays can be used to generate the Chen and Lü systems directly from the Lorenz system without changing the system's parameter values. It has been shown that the time-delayed systems can exhibit topologically different attractors which have extra chaotic modes. This phenomenon is also observed in the Rössler system, the Chua's circuits and the 4-Liu system. This strongly suggests that time delay plays an important role in the study of chaotic systems: it can change the topological property of a chaotic system without changing the system's structure. The finding presented in this paper needs further theoretical studies to reveal the fundamental properties contained in the observed phenomenon. This finding may lead to discovering new chaotic systems as well as new applications in chaos control and chaos synchronization.
